We discuss a method of calculating the various scalar densities encountered in Lovelock theory which relies on diagrammatic, instead of algebraic manipulations. Taking advantage of the known symmetric and antisymmetric properties of the Riemann tensor which appears in the Lovelock densities, we map every quadratic or higher contraction into a corresponding permutation diagram. The derivation of the explicit form of each density is then reduced to identifying the distinct diagrams, from which we can also read off the overall combinatoric factors. The method is applied to the first Lovelock densities, of order two (Gauss-Bonnet term) and three.
with M being the D-dimensional spacetime manifold, α k are coupling constants and the various Lovelock densities are given from the general expression
where R 
Using the above definitions, one can take contractions and write down each scalar tensity in component notation. The expressions we end up are of the general form [22] 
where δ
is the antisymmetric Kronecker symbol, which has the property to be equal to ±1 whenever A 1 B 1 . . . A k B k is an even or odd permutation of C 1 D 1 . . . C k D k respectively and zero in any other case. Thus,
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in order to write a specific density, one has to break down the antisymmetric Kronecker symbol into products of ordinary Kronecker deltas. Obviously, there will be as many terms as there are possible permutations of the indices
And this is where the calculational problem arises, as the number of available terms quickly escalates with k. For L (1) , which is the ordinary Einstein-Hilbert Lagrangian, we have 2! terms, for L (2) this increases to 4! = 24 and for L (3) we already reach 6! = 720 terms. Clearly, it is not feasible for someone to write each one of 720 terms just to get to k = 3. This algebraic approach, although quite general in nature, is in the end unsuitable for practical calculations. We can acknowledge the existence of an easier path to the solution, given that the end results are usually considerably simpler compared to the expressions arising in the conventional algebraic derivation. For example, the Gauss-Bonnet scalar only involves 3 distinct terms, which means there is a high amount of redundancy in the original decomposition of 24. Similarly, L (3) involves just 8 terms, again a far cry from the total of 720. It is thus natural to assume that it would be possible to somehow identify and group the recurring expressions from the very beginning, in order to avoid any steps with great complexity. Since we are primarily dealing with permutations of indices, it is natural to try to rephrase the problem in the language of permutation diagrams. These are often used in combinatorics to describe permutations in a graphical way. There is a number of variations in permutation diagrams, so we are going to adopt one of them which is more closely related to the problem in hand and helps to simplify our computations. In Figure 2 , we have written down the possible permutation diagrams for the case of the Gauss-Bonnet term. L 2 involves only expressions quadratic in the Riemann tensor. Since Lovelock densities are scalar quantities, all of the indices appearing in an expression have to be contracted, meaning that the same group of upper indices also appears as the corresponding set of down indices, only permuted. To represent the possible combinations of index contractions, we write a Riemann tensor as a set of two upper and two lower dots, representing the respective upper and lower indices (see Fig. 1 ). A quadratic term is represented as two such sets side by side. For each contraction, we write a line connecting the corresponding dots of an upper and a lower index. In this way, writing two vertical lines between the dots of a single Riemann tensor yields the Ricci scalar, while two crossed lines gives −R. We can use these permutation graphs to identify the terms in component notation, using the following rules:
1. Connect the dots corresponding to the indices of the Riemann tensors in all possible combinations, thus obtaining all contractions.
2. From each diagram, write the corresponding quadratic term. The upper indices are normally ordered, while the lower ones are determined by rearranging the upper indices according to the lines representing the permutation.
3. Write a minus sign if there is an odd number of line intersections in the permutation diagram. Do not count intersections with vertical lines, as these correspond to internal contractions and the corresponding indices cannot be exchanged any more.
These rules are applied to derive and transcribe all the diagrams giving the terms of the Gauss-Bonnet density in Fig. 2 . Notice that the set of diagrams breaks down into three distinct groups, clearly visible by inspection in terms of symmetry. It is also immediately apparent that the R A B R B A terms are four times more than those for R 2 and R AB CD R CD AB . From Fig. 2 we recover the well known expression L (2) = (R ABCD R ABCD − 4R AB R AB + R 2 )θ * , once we sum over all terms and take into account an overall 1/4 factor in the definition of L (2) . We should also point out that the first diagram in the second row of Fig.2 in fact contains 2 overlapping intersections, since two pairs of lines intersect each other, hence bears no minus sign in agreement with the above rules. The two intersection points become visible once we draw the diagram in a non-symmetric way. We see that the permutation diagram serves both as a book-keeping device to arrange the indices of the quadratic terms, as well as takes care of the minus signs coming with each odd permutation. The calculation of L (2) is already considerably more transparent in this way and the emergence of the three different expressions in the final result becomes clear from symmetry considerations. Still, it doesn't cut down the paperwork needed. Just as before, we again had to write down all 24 terms, including many redundant ones. Fortunately, the fact that the pairs of upper and lower indices of the Riemann tensor are antisymmetric allows us to simplify our notation even further. It is easy to see that we can contract all indices of the same tensor by drawing two parallel or intersecting lines. The intersecting case corresponds to flipping the lower indices, so we get as a result −R 2 due to antisymmetry. But the minus sign is eliminated, since we also have another minus from the fact that this is an odd permutation, hence the result is the same as in the parallel lines diagram. We can thus account for both by just writing down the first diagram and multiply the result by two. This property is in fact more general and can be used to rewrite the Riemann tensor as a set of only one upper and one lower dot (Fig. 1) . Each dot accounts for both indices and must be connected with two lines to be fully contracted. For each such vertex, there are two implicit possible ways in which the lines can be connected to the internal, hidden indices, depending on whether they intersect in the interior of the dot or not. Consequently, every such vertex should be multiplied by a factor of two, whenever the two lines are not both contracted with the corresponding dot of the same tensor. If a tensor only has internal contractions, we just multiply this expression by an overall 2, not 2 for each vertex. This is due to the symmetry of the Riemann under exchange of the two pairs of indices. Using the strategy outlined above, we end up in the case of L (2) with only 3 distinct diagrams, matching the only terms appearing in the final expression of the Gauss-Bonnet scalar. The overall combinatoric factors and the minus sign of the R AB R AB are all accounted for by the diagrams. Apart from a concise way to write down L (2) , these compact permutation diagrams enable us to attack the considerably more difficult task of deriving L (3) . Us it turns out, this can be done using only 21 compact diagrams in total (Fig. 4) . Again, there is still an amount of degeneracy when considering the only 8 terms of the final result, still we do get a dramatic simplification compared to the original 720 terms one would have to deal with using the algebraic approach. Like terms can again be identified as originating from diagrams of
The three distinct graphs giving rise to the corresponding terms of the Gauss-Bonnet density, with their respective combinatoric factors. particular symmetries and similar structure, which are easy to identify and group by inspection. The rules we use to construct the diagrams are very similar to the ones we discussed before for the Gauss-Bonnet term:
1. Connect all the dots between them, such that each has two lines attached to it.
2. From each diagram, write the corresponding third order term by rearranging the lower indices following the connections in the graph. Vertical lines correspond to internal contractions, one line will result in a Ricci tensor, two in the Ricci scalar. Combining these results and multiplying by a factor of 1/8 we recover the expression
in agreement with the algebraic result [13] . As we see, in the compact diagram notation the calculation becomes considerably faster and straightforward.
One could proceed in a similar fashion to calculate even higher Lovelock densities in the compact formalism. The next term L (4) will involve contractions between four Riemann tensors. In total, it includes 25 distinct expressions. We immediately see that the first sixteen diagrams are exactly the same as the ones we encountered in the initial derivation of the Gauss-Bonnet scalar. The only thing we have to do is switch from single to double lines. Of course, just like for L (3) , we must also consider diagrams were lines do not originate and end on the same pair of dots, which become more involved. Still, the number of diagrams one has to deal with is certainly much lower than the total of 8! terms in the full expansion of L (4) . It is also reasonable to assume that further reduction of this redundancy can be achieved by identifying particular patterns between the form of the diagrams and the terms they give rise to.
